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Rectification efficiency of a Brownian motor
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The energy balance of a Brownian motor is discussed based on a Langevin equation without the overdamped
approximation. Energetics of the system suggests that the frictional dissipation energy associated with the
unidirectional movement should be counted as a part of the useful energy for the rectification process of a
Brownian motor. This leads to a new definition of the efficiency, which is applicable, contrary to the conven-
tional one, even if the external load is absent. For the so-called flashing ratchet model, we numerically solve
the Langevin equation for various situations and discuss both the temperature and the friction strength depen-
dence of the rectification efficiency and the role of thay ratio
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[. INTRODUCTION those who try to explain the principle of the movement of
real motor proteing7,8] and those who try to invent the
Recently there has been an increasing interest in the soxanomaching9,10].
called “ratchets” or Brownian motors. These systems consist When one evaluates how effectively a system works, ef-
of Brownian particles moving in asymmetric potentials andficiency is an important measure. For example, in a heat
are subject to a source of nonequilibrium such as externaingine, efficiency is generally defined as the ratio of the
fluctuations or temperature gradients. As a consequence @fork done by the engine to the input energy. In the case of
these two ingredients—asymmetric potentials andBrownian motors, how is efficiency to be defined? So far,
nonequilibrium— a flow of particles can be induced. efficiency is generally defined as the ratio of the work done
Many kinds of models for “Brownian motors,” which do by the particle against the load to the input endrgy8|. In
not have direct contact with the chemical reactions, are desther words, the efficiency above is the one of converting the
rived from Feynman's ratchet and pawl systgi, which  input energy to the potential energy associated with the load.
consists of a so-called ratchet, reminiscent of a circular savun this way the load is inevitably included in the model to
with asymmetric saw teeth, and a pawl which admits the savdefine the efficiency. In the flashing ratchet model, the time-
teeth to proceed without much effort into one directionindependent part of the gradient of the potential, which rep-
(henceforth called “forward) but practically exclude the ro- resents the load, has been incorporated to the system and the
tation in the opposité“‘backward”) direction. The ratchet is particle performs work such as ascending the potential gra-
connected by an axle with a windmill whose vanes are surdient. These considerations lead to the conclusion that the
rounded by a gas at a finite temperatlire The ratchet and efficiency is zero when the load is zero.
pawl are kept at a different temperaturg(<T;). The ran- We have some question on the assertion that the system
dom collisions of the surrounding gas molecules with thewithout the load does not utilize the input energy at all. Of
vanes will cause the ratchet to rotate in the forward directioncourse, the Brownian motor may be the system which can
Such rectification of thermal noise could be utilized to per-store part of the input energy as the potential. But originally,
form work such as lifting a load. the aim of the Brownian motor is to move the particle in one
Many variations of the Brownian motors have been develdirection. Assume that we have two kinds of Brownian par-
oped[2-6], one of which is the “flashing ratchet model,” ticles, “A” and “B” and both consumegor dissipatg the
which is mainly treated in this paper. In the flashing ratchetsame amount of input energy. The partidiekicks around
model, a Brownian particle moves in the potential which isbut on an average moves in one direction and reaches the
asymmetric and periodic in space. The potential is switchedestination within a given time. The partic® also kicks
on and off in time and this is the origin of the name “flash- around but does not achieve one directional movement and
ing.” The time variation of the potential enables the systemtherefore cannot reach the destination within a given time. It
to absorb the energy from the external system and the pais obvious that the particl& more efficiently uses the input
ticle can move in one direction using this energy. energy than the particlB. But the conventional efficiency is
The Brownian motor, which includes the flashing ratchet,zero for both particles.
aims at the unidirectional movement of the particle in situa- Motivated by this point, Derenyet al. [11] proposed a
tions where the scale of the system is so small that the therew efficiency which does not recourse to the load. That is, a
mal noise cannot be ignored. Because of such an interestirtgsk is first specified, i.e., to translocate the motor over a
aim, the models are paid attention to not only by researcherdistancelL during a given timer, and the efficiency is de-
of thermodynamics and statistical mechanics but also byined as the ratio of the minimum energy necessary for the
task to the input energy. Although this approach is general
and applicable to chemical as well as heat engines, we take
*Electronic address: sdaisuke@amp.i.kyoto-u.ac.jp another approach, i.e., energetics of the Langevin dynamics
TElectronic address: munakata@amp.i.kyoto-u.ac.jp [12], from which we are rather naturally led to a new defi-
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nition of the efficiency, “rectification efficiency,” which has p p? p

some similarity to the one proposed in REFL]. dp=—&di+
In Sec. I, the Langevin equation, with the inertia effect

taken into account, for the Brownian motor is introduced.since we consider the energy balance in the steady state and

Employing a time average method, we formulate the energyre not interested, in this paper, in the fluctuation from the

balance in the steady state. In Sec. Ill, a new “rectificationayerage behavior, we take the long-timp@verage of Eq.
efficiency” is introduced. In Sec. IV, the new efficiency is (g) as

used to discuss the effects of temperature, friction, and the

duty ratio on the directional movement of a ratchet. Here the 1 (p(t) 1(7 p? 1(p

duty ratio[13] denotes the ratio of the tintg,, during which f T dp()=— ;fo & att ;foadW(t)

the asymmetric potential is on to the one cycle of the time

variation of the potentiat,,+tq¢;. Finally in Sec. V, we T p

give some comments on the inertia effect and on the signifi- - ;fo U (x, 1) —dt. €)
cance of the duty ratio in our model.

p
EdW(t)—(?XU(X,t)Edt. (8)

TJo

For infinitesimal time intervadlt, it holds that
II. ENERGY BALANCE

. o 1 (t+dt 1| p(t)+p(t+dt)
We treat a Brownian particle in the heat bath. The system—f p(t)ydp(t)=— S E— [p(t+dt)—p(t)]
is described by the Langevin equations mJt m
1
= Ep+RI- AU, M omlP(LHAD?=p(D)?]

J‘Hdtd( pZ) 10

dx = 5>l

. B, (2) t 2m

dt m

Thus the left-hand side of Eq9) vanishes as
wherex denotes the position of the particlejs the momen-

tum, m is the mass, andJ(x,t) is an explicitly time- 1 (p(t) 1 (7 [ p?
dependent potential along which the particle moves. We as- ;fo m dp(t)=;f d m
sume that the potential is expanded as

0

_1[p*7)-pAO)]

U(xt)=Uo(x.t) +Lx, 3 om0 (o),
wherelL is the load andJy(x,t) is periodic inx andt. The (11
forces on the particle from the heat bath are the friction force .
— ¢p and the random force which satisfies where we use the fact tha(t)“ is bounded.
The first term on the right-hand side of E§) expresses
(R(1))=0, the power of the friction force. Puttingp(t)=p(t) —p with
p=(1/7)[{p(t)dt, we have

(R(S)R(1))=2mek, TS(s—1). (4) 0

. hy g o et Eftgp_zdt_ E_Z_ é(_+5 )2= £_2+ EF (12)
Instead of using thé-correlated “white noise’R(t), we can t)omat™ mP = P oP)T= P 0P

express Eqs1l) and(2) as
The second term on the right-hand side of B3}, related

dp=—gpdt+dW(t)—aU(x,t)dt, ®) {0 the work done by the random force, can be dealt with
similarly as Eq.(10). That is, for the infinitesimal time inter-
dx= "dt, 6 valdt,
fj+dt _ | p(t) +p(ti+dt)
where dW(t)=[{"9'R(t)dt denotes the increment of the Jt_ p(tydW(t)= 2 dW(t)
Wiener proces$V(t) in time dt, which satisfies '
dp(t;)
(dW(t))=0, =[p(ti)+ 5 ' }dW(ti)

(WD) =2mél Tt “ ~pl)AWE) + SdWL),  (13

Now we discuss the energy balance based on Gysnd
(6). For this purpose we first multiply Ed5) by p/m and  where dW(t)=W(t+dt)—W(t),dp(t)=p(t+dt)—p(t),
interpret the resulting Ed8) in the Stratonovich sengé4], and Eq.(5) is used. Therefore, we immediately see that
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FIG. 1. Profile of potentiald,(x). Uy(x) is periodic, U,(x
+Xp) =Up(x), and asymmetric.
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The third term on the right-hand side of ) is the rate

of work done by the external field. It is seen from E¢3.
and(6) that

1 (7 pd_l T q 1(~ pd
;108XU(X,I)E t= ;foﬁxuo(x,t) X+;J'0La t

1(~ p
—;fo QXUO(X,t)dX'f'LE. (15)

Substituting Eqgs(11), (12), (14), and(15) into Eq. (9), we

have the following equation of the energy balance in theryq |oft-hand side of Eq16), which we denote a&

steady state:

e [op?
Ep2+ ¢ . (16

1(r L—
_;JOﬁXUOdX(t)ZEp'F W_ka
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Uo(x,t). We show the results for one typical case below for
which @=0.1A=6m,x,=2m,L=1, and t,,=tys=m/2.

We note that in all our simulations below,t,,+tos,A,
andx are set as above.

The trajectoriex(t) andp(t) are calculated on the basis
of the Langevin equatiofiEgs. (1) and (2)] for which we
chooseé=T=1.0. m andk, are set to 1.0 throughout this
paper. Each trajectory is obtained for timne 20 000 and this
is repeated 100 times. This trajectory information enables us
to take average of each term of Ed.6). Numerically, we
obtained

1~
f 5,Uodx(t)=0.95,
0

T

- =0.10
mP =010
£

Ep —0.01,

5p?
§ ——kT|=(1.84-1.00.

influx
represents the influx of energy to the systéhe Brownian

motor) due to the external field, which is consumed partly as
the work against the loacthe first term on the right-hand
side), partly for the directional movement against the fric-
tional force (the second term on the right-hand sidand

This equation is general and val?d regardless of the detailﬁarﬂy as the fluctuation dissipatiofthe third term on the
of the. model. To reveal the meaning of the energy balancﬁght-hand side At this point, we comment Of; i,y for
equation(16), we study below numerically a typical model |5yer convenience. During the long-time periedthe exter-

for the Brownian motor and obtain a concrete picture of thenal potential is orN times with N= r/[t

energy balance.

Ill. DERIVATION OF THE RECTIFICATION EFFICIENCY

In order to examine and interpret E¢L6), we take a

ont tofs]. Number-
ing these intervals biyand denoting the position and time of
both ends of theth interval by &; _,t; —) and &; . ,t; +),
we express Ejgpux  as Ejppux= (U7)Zi[Uo(Xi -t -)
—Uo(Xi 4+t +)]. What is found from our numerical experi-

popular model for Brownian motor, that is, the so-callegments is that normally the Brownian motor goes down the
“Flashing Ratchet” model. In this model the potential SIOP€ Of the potential enerdyq(x,t) and gets energy supply

Uo(x,t) in Eq. (3) takes the formJy(x,t) = O (t)U,(x) with

1, te[O0tyn)

O(t)=
( 0, tE[tonvton"'toff)v

A
—X, xe[0,axp)
a’Xp
Up(x) =

_ m(x_xp), Xe[aXp,Xp),

where ©(t) and Uy(x) are periodic with the period,,

from this. If one wants to lay more emphasis on the chemical
aspects of the flashing ratchet, we use the expression
dUgy(x,t)=dUq/oxdx+ dUq/atdt and from
(L/7)fadUg(x,t)=0 reinterpret the expression fdE;,¢,x
above, resulting from the jump or discontinuo(is time)
events where the motor on average getsemical energy.
The second and the third terms on the right-hand side of Eq.
(16) may be collectively treated as the dissipation energy
given to the reservoir. Actually if one starts from the over-
damped mode[12,15 instead of the model described by
Egs. (1) and (2), the stochastic processix/dt) or p(t)
would not be well defined and we could not have divided the

+1orr andx,, respectively. In Fig. 1, the asymmetric poten- dissipation into the two components as was done in(Eg).

tial Uy(x) is depicted, which flashes faog, in one cycle. In

This is one of the merits of our Langevin approach, which

order to grasp the general features of the dynamical behavidakes into account inertial effects and enables us to extract
of the system, we performed numerical calculations for varithe dissipation energy associated with the directional move-
ous values of the parameters which appear in the potentiahent even ifL=0.
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Based on the arguments above, we are naturally led to a g
new definition of(rectificatior efficiency as 2 0.7
Q
L e 1|1 g 0.6 ;/*\\\
m=|—p+ _pz / _J a,Uodx(t)|, 17) S 0.5 / - Momentum
mm 7o 204
< i
where both work against loddand dissipation energy asso- c:;' 0.3 -
ciated with the directional movement against the frictional 202 Efficiency T
force are regarded as meaningful from a “rectification” Lé)‘ 0.1
viewpoint. This efficiency lays more emphasis on how the S
input energy is utilized for the directional movement than on 0123456718910
how much energy is stored inside the total system. Some- Temperature

what similar efficiency top, was recently proposed by Wang g, 2. The rectification efficiency and the average momentum
and Oster, who introduced the so-call&tbkesefficiency a5 3 function of temperaturé.is set to 1.0 {=0).
[16,17 by
makes the Brownian particle immobile. For=1, we ob-
§— served the optimum frictioné~1.0 (L=0).
Pstokes PPILAF +AW]. (18) P L0 =0)
B. Efficiency versus duty ratio
Here AF represents the chemical energy supplied to the

\?vgc:\livrg;gr?;}mégvmghbfur?('j\;ern ég;gﬁ;g;h:r?r(ehzcjlngglme' the time that a motor spends attached to its filament, and it
y y turned out to characterize the structural and functional prop-

energy profile. If we consider the flashing of the potential Nerties of the motor proteins. For the flashing ratchet model, it

our model as the transition between the chemical states, wé . .
may regardAF as Eyquy. AW is the work done by the may be defined ak,,/[tont+1o5f] @and we studied the duty

external field on the Brownian motor. In this paper, we Con_ratlo dependence of the efficiency in view of the crucial roles

; ; . . ~7 played by the duty ratio.
sider _only the case |n_wh|ch the external field exémsn_ We investigated the rectification efficiency for the duty
stant in time force against the movement of the motor, i.e.

- Al ‘ratio. In Fig. 3 are plotted the duty ratio dependence of the
(L/m)p>0. If (L/M)p<0 however, we would puAW= energy influx—(1/7) [3d,Uodx(t), the dissipation related to

—(L/m)p and employ the same expressiorSaskessinceL.  he ynidirectional movementé(m)p?, and the rectification
is not the load anymore. The difference betwegnand  gficiency 5, , with the loadL set to zero and=1.0 andT
Tsiokesthus consists in the treatment of the load. We con-_ 1.0. From Fig. 3, we note that the duty rati.3) corre-

sider, as many ot_hers, that the work done against the EXtemé;fJonding to the maximury, is different from the ong0.5)
force and stored in the system should be in the numerator o

the efficiency. With these preparations, we now investigaté:orreSpondmg to the ”.‘ax'm“”@’(.m)p.- Thatis, if the main
the rectification efficiency of the Brownian motor for the purpose of this motor is a f"?ISt d_|re_:ct|on_al movement regard-
flashing ratchet model in detail less of its energy consumption, it is optimum for the ratio to

be set to 0.5. In such a mode of the motion, the dissipation
due to fluctuations, the last term on the right-hand side of Eq.
IV. APPLICATION OF THE RECTIFICATION EFFICIENCY (16), becomes also large and the efficiency is not largest
there. On the other hand, if we want the motor to utilize the
o . i ) input energy efficiently for the directional movement, the
We now calculate the rectification efficiency in various g+ ratio should be set to 0.3. In this case, the motor absorbs

cases. First, we consider the rectification efficiency and the,qq energy than in the case where the duty ratio is 0.5, and
average momentum or velocity as a function of temperature '

T and the friction constarg. In Fig. 2, we show th& de- 1.8

The duty ratig[13] is originally defined as the fraction of

A. Efficiency versus temperature and friction

pendence of the rectification efficiency and the average mo- 5 16 Energy inflyx
mentum. We observe the peaks of the efficiency and the av- g 1.4

erage momentum arouric1.0. This is due to the fact that S 12

thermal activation is impossible when the coupling with the 1% 1

reservoir becomes too wedlow temperaturg and the sys- 7 0.8

tematic or directional motion is prohibited when the coupling 5 06 Dissipation (unidireckjorlal)
with the reservoir becomes too strofigigh temperatune g 04 .

Friction constant dependence of the efficiency and the aver- @ 0.2 = Ffficiency ™.

age momentum are also studied for a constant temperature. 0 0 02 04 06 08 1
The result, which is not shown here, represents a typical ' buty Ratio '

Kramers' behavior, showing peaks as in Fig. 2. Wheis
small we have a weak contact with the reservoir and thermal FIG. 3. The rectification efficiency as a function of the duty
activation is not expected. On the other hand, too l&fge ratio. é£=T=1.0.
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0.3 ratchet model. Inclusion of the inertia effects, which are usu-
0.25 ally neglected from the hydrodynamic considerations, makes
momentump(t) of a Brownian particle a well-defined pro-
0.2 cess, and this has profound effects in discussing the energy
0.15 MI (ratio 0.5) balance. If we had started from an overdamped Langevin
0.1 \ equation mé(dx/dt)=R(t) —d,U(x,t) and multiply dx,
| which is no longer of ordedt, on both sides, we immedi-
0.05 \ M2 (ratio\0.3) ately notice that bottf dxR(t) andmé [ dxdx(t)/dt diverge
! [but the diverging part cancels to give finite value to
Jdxa,U(x,t)]. In other words, in order to extract the work
against the frictional forceg{m)p?, appearing on the right-
FIG. 4. The rectification efficiency as a function of load. The hand side of Eq(16), it is necessary to start from the full
solid line is the motor of typ&11 whose duty ratio is 0.5, and the Langevin equatioril). Of course, if the overdamping condi-

other line is the motoM2 whose duty ratio is 0.3. tion is applicable for a given problem, one can employ the
overdamped Langevin equation but still E§7) should be

used for the efficiency. This is becausﬁrﬁ)a2 represents

Rectification Efficiency

0
0 020406081 121416
Load

we can trace the origin of the high efficiency to the inertia
effects by which the Brownian particle can keep on moving. =~ " . . .
inevitable energy consumption for the particle to move in

even if the potential is switched off. L . - .
This observation can be slightly generalized as follows.2ne direction against the frictional force, and this consump-

Figure 3 tells us that we have generally two duty ratios Cor_tion is, so to speak, a meaningful dissipation. Similar result is

responding to a given average velocity, one with a largePPtained by Derenyét al.[11] in a slightly different context.
duty ratio generally consumes more energy than the othefhe difference between the efficiency in REf1] and ours
with less duty ratio. This may be interpreted that the modefonsists in the treatment of the input enettiye denomina-
with the larger duty ratio is supplied with more energy thantor of the efficiency. In Ref.[11], for application to chemical
is necessary to achieve a target velocity. However, if theéngines, adenosine triphosphate hydrolysis energy is adopted
expected role for the motor is the work against the load, th@&s the input. In this paper, on the other hand, from a stand-

scenario is different as is discussed below. point of the thermodynamics, the net input energy supplied
to the system by the external field is adopted as the input.
C. Efficiency versus load It is remarked that Eq(17) may give an important infor-

mation on the motor proteins from an energetic viewpoint.

In Fig. 4, we plot the rectification efficiency as a function Actually, in Sec. IV, we discussed two types of motors, i.e..

of the load for two kinds of motors, one with large duty ratio” ™" . .
of 0.5 (type M1) and the other with small duty ratio of 0.3 swift motion type M2) and load-pulling typeM1) based

(typeM2) (é=T=1.0). The optimum load of the motéd 1 on the d_uty ratid13]. It was shown therésee Fig. 2},th_at a

is 0.4 with the efficiency 0.23, but the motd2 has no motor with small d_uty ratio (0.3) can moves SW|ftI_y with low
optimum load and the maximum efficiency of 0.27 is accom-€N€rgy consumption for small, while a motor with large
plished whenL=0. In other words, the motavi2 is more  duty ratio (0.5) can work optimally under the high load con-
efficient than the motoM 1 in the low load region and vice dition. Although our Langevin model represents an oversim-
versa in the high load region. The above result illustrates thaRlified picture for real motor proteins, it confirms the impor-
the difference of the duty ratif13] makes the functional tance of the duty ratio as the possible mechanism for the

difference of motors, that is, load-pulling typ#i@) and functional difference of motors.
swift motion type M2). Finally, we note that our energetic approach to the Lange-

vin equation is general and it can be employed to various
ratchet models, including the random-flashing ratchet and the
rocking ratchef5]. The Feynman ratchéi] especially pre-

In this paper, we studied the dynamical properties of asents an interesting problem from the viewpoint of efficiency
Brownian motor based on a Langevin equation for a flashingaind we are currently engaged in this problem.

V. CONCLUDING REMARKS
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